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Elastic turbulence in two-dimensional Taylor-Couette flows
R. van Buel,∗ C. Schaaf, and H. Stark
Technische Universita¨t Berlin - Hardenbergstrasse 36, 10623 Berlin
We report the onset of elastic turbulence in a two-dimensional Taylor-Couette geometry using
numerical solutions of the Oldroyd-B model, also performed at high Weissenberg numbers with
the program OpenFOAM. Beyond a critical Weissenberg number, an elastic instability causes a
supercritical transition from the laminar Taylor-Couette to a turbulent flow. The order parameter,
the time average of secondary-flow strength, follows the scaling law Φ ∝ (Wi−Wic)
γ with Wic = 10
and γ = 0.45. The power spectrum of the velocity fluctuations shows a power-law decay with a
characteristic exponent, which strongly depends on the radial position. It is greater than two, which
we relate to the dimension of the geometry.
I. INTRODUCTION
Viscoelastic polymer solutions have remarkable prop-
erties compared to their Newtonian counterparts. Espe-
cially at very small scales, such as employed in microflu-
idic devices, they enhance mixing [1–3] and heat transfer
[4, 5]. This is due to elastic turbulence [6], which bears
the same qualities as inertial turbulence[7]. The relevant
dimensionless number for viscoelastic fluids is the Weis-
senberg number Wi, which compares the polymer relax-
ation time to the characteristic time of the flow dynamics
[8].
Elastic turbulence shows many characteristics similar
to inertial turbulence [7]. The fluid flow exhibits a signifi-
cant increase in flow resistance [9], random fluctuations of
fluid velocity that increase with fluid elasticity, intensified
mixing of mass, and a broad range of activated temporal
or spatial frequencies with power-law scaling[10]. Berti et
al. [11] performed numerical simulations of the Oldroyd-
B model in a two-dimensional periodic Kolmogorov flow,
at very small Reynolds numbers Re. Indeed, above the
elastic instability they observed an increase in turbulent
drag and a power-law scaling in the velocity spectrum.
The elastic component of the fluid, polymers sus-
pended in a solvent, is affected by two processes: stretch-
ing of the polymer molecules by velocity gradients and
relaxation of elastic stresses. The dominant process de-
pends on the value of the Weissenberg number. At
Wi ≪ 1 the relaxation of the polymers is much faster
than the stretching time due to velocity gradients. The
polymer acts like a rigid rod and the fluid flow is New-
tonian. For Wi > 1 stretching due to velocity gradi-
ents overcomes relaxation. Polymers are considerably
elongated[9] and the polymeric stresses grow. This ef-
fect is further enhanced by curved streamlines[12, 13].
The general consensus is that at low Reynolds num-
bers the flow of a viscoelastic fluid with straight stream-
lines is linearly stable but exhibits an elastically induced
nonlinear or subcritical instability with increasing Weis-
senberg number [14–16]. This is confirmed by theoretical
∗
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investigations for a plane Couette flow [12, 14] and in ex-
periments of Pan et al. on flow through straight channels
[15]. The transition is associated with a sudden increase
in the velocity fluctuations.
Simulations performed on viscoelastic fluids in a 3D
Taylor-Couette geometry but restricted to axisymmetric
flows confirmed the occurrence of a standing wave pat-
tern beyond a critical Weissenberg number, as predicted
by Shaqfeh[17]. The transition to this pattern occurs
via a supercritical Hopf bifurcation [18–21]. However,
the most unstable modes occur for the non-axisymmetric
case [19, 22] and the bifurcation diagram for both the spi-
ral and ribbon modes were calculated using the Oldroyd-
B model [23]. According to these investigations, the tran-
sition of a thin-gap flow to one or both of these modes is
always subcritical. But the authors also showed that for
large gaps both modes develop through a linear instabil-
ity [23].
In this letter we investigate the occurrence of elastic
turbulence of a viscoelastic fluid in a 2D Taylor-Couette
geometry using the Oldroyd-B model. By restricting our
investigations to two spatial dimensions, we have the sim-
plest implementation of a Taylor-Couette flow. We work
at low Reynolds numbers appropriate for flows at the mi-
cron scale. Thus, the observed turbulence is only due to
the polymeric, i.e., the elastic component of the fluid.
We observe a supercritical transition from the laminar
Taylor-Couette to an irregular flow at a critical Weis-
senberg number Wic. We illustrate the irregular flow and
identify it as turbulent by demonstrating a power-law de-
cay of the power spectrum of the velocity fluctuations
with an exponent above two.
Our numerical simulations are performed up to high
Weissenberg numbers of Wi = 200 using the program
OpenFOAM [24]. However, numerical simulations at
high Wi experience numerical instabilities known as the
high-Weissenberg-number problem. It is related to the
unbounded exponential growth of the conformation ten-
sor which cannot be balanced by convection[25, 26]. In
particular, regions near stagnation points or strong de-
formation rates are sensitive to numerical instabilities
[26]. The simulations can be stabilised by the log-
conformation tensor method [27], which is implemented
via the package RheoTool within OpenFOAM, and the
2FIG. 1. Schematic of the 2D Taylor-Couette geometry and
the spokes wheel mesh used in OpenFOAM. We have Nr =
100 cells in the radial direction and Nθ = 120 cells in the
angular direction. The radii of the inner and outer cylinders
are ri = 2.5µm and ro = 10µm, respectively. The outer
cylinder rotates with an angular velocity Ω = 2pi s−1. For
the angular ensemble average, the average of the cells along
a specific radius r is taken, which is indicated by a lighter
shaded area surrounded by dashed lines.
choice of an appropriate grid size[26]. This enables stable
simulations at high Weissenberg numbers[25–27].
The remainder of the letter is structured as follows.
First, our employed methods are presented. We describe
the governing equations of the Oldroyd-B model, the ge-
ometry, and discuss the computer program used for the
numerical calculations. Then, we present our main re-
sults and show the transition to elastic turbulence and
the characteristic power spectra of the fluctuating veloc-
ity field. Finally, we conclude.
II. METHODS
We consider a viscoelastic fluid in a 2D Taylor-Couette
geometry consisting of two concentric cylinders with ro
the radius of the outer cylinder and ri the radius of the
inner cylinder. The outer cylinder is rotated counter-
clockwise with a constant angular velocity Ω and the in-
ner cylinder is fixed. A schematic of our set-up can be
seen in fig. 1. The dynamics of the flow field u(r, t) as
a function of the position r and time t can be described
with a generalised Navier-Stokes equation already formu-
lated with unitless quantities:
Re
(
∂u
∂t
+ (u · ∇)u
)
= −∇p+∇2u+∇τ . (1)
Here, p is the dimensionless pressure and we expressed
lengths in units of ro, times in units of Ω
−1, and veloci-
ties in units of roΩ so that the Reynolds number becomes
Re = ρΩr2o/ηs, where ρ is density and ηs the shear vis-
cosity of the solvent. The additional viscoelastic stresses
due to the dissolved polymers are described by the poly-
meric stress tensor τ , for which we choose the consti-
tutive relation of the linear Oldroyd-B model written in
dimensionless form [28, 29]:
τ +Wi
∇
τ = β
[
∇⊗ u+ (∇⊗ u)T
]
, (2)
where
∇
τ is the upper convective derivative of the stress
tensor defined as
∇
τ =
∂τ
∂t
+ u · ∇τ − (∇⊗ u)Tτ − τ (∇⊗ u) . (3)
The quantity β = ηp/ηs denotes the ratio of the poly-
meric shear viscosity to the solvent shear viscosity. Fur-
thermore, we introduce the Weissenberg number Wi =
λγ˙, with λ the characteristic relaxation time of the dis-
solved polymers and γ˙ the shear rate. For the Taylor-
Couette geometry the characteristic shear rate is the an-
gular velocity of the outer cylinder γ˙ = Ω and we have
Wi = λΩ.
Considering an axisymmetric flow, which corresponds
to our 2D geometry, an analytic solution of eqs. (1) and
(2) has been found[30]. It agrees with the Taylor-Couette
flow of a Newtonian fluid at low Re in the same geometry.
The solution, which we denote as the base flow u0, is
given by the simple shearing flow
u0r = 0 ; u
0
φ = Ar +Br
−1 , (4)
with
A =
r2o
r2o − r
2
i
Ω ; B = −
r2i r
2
o
r2o − r
2
i
Ω . (5)
Moreover, for the Oldroyd-B model the components of
the polymeric stress tensor for the base flow are given by
τ0rr = 0 , (6)
τ0rφ = −2ηpBr
−2 , (7)
τ0φφ = 8ηpλB
2r−4 . (8)
For later use we write them in real units. The base solu-
tion becomes unstable for Weissenberg numbers above a
critical Weissenberg number Wic.
A. OpenFOAM
In our work, eqs. (1) and (2) are solved using the pro-
gram OpenFOAM, which is an open-source finite-volume
solver for computational fluid dynamics simulations on
polyhedral grids. We adopt a specialised solver for vis-
coelastic flows implemented in OpenFOAM. It is called
rheoTool, which is based on a solver for complex fluids
develop by Favero et al. [31]. The rheoTool solver has
been tested for accuracy in benchmark flows and it has
been shown to have second-order accuracy in space and
time [32].
3FIG. 2. Snapshots of the normalised radial velocity component ur/umax for Weissenberg numbers of A) Wi = 12.6, B) Wi
= 50.3 and C) Wi = 106.8 in the 2D Taylor-Couette geometry and with the maximum velocity umax = Ωro = 2pi · 10µm/s.
However, simulations of viscoelastic fluid simulations
experience stability issues, especially at highWeissenberg
numbers, where the conformation tensor eventually loses
its positive definiteness due to numerical discretisation
errors. To tackle this problem, the log-conformation ten-
sor approach [25] is implemented in the rheoTool solver.
This approach employs a change of variables for the con-
formation tensor A, which is a positive definite tensor
and related to the polymeric stress tensor by
τ =
β
Wi
(A− I) . (9)
Now, the main idea consists in introducing the (ten-
sor) logarithm of A, Θ = lnA, which does not have to
be positive definite, and in transforming the constitutive
relation (2) in order to obtain a dynamic equation for Θ.
To do so, one splits the transpose of the velocity gradient
tensor into a pure deformational component (the sym-
metric tensor B, which necessarily commutes with A), a
pure rotational component (the antisymmetric tensor Ω),
and an additional term:
(∇⊗ u)T = B + Ω+NA−1 . (10)
The last term on the right-hand side means that B and Ω
are not the usual deformation and vorticity tensors asso-
ciated with ∇⊗ u. According to Ref. [25] the decompo-
sition always exists and is unique. Using this decompo-
sition, eq. (2) transforms into a constitutive relation for
Θ,
∂Θ
∂t
+ u · ∇Θ− (ΩΘ−ΘΩ)− 2B =
1
Wi
(e−Θ − I) . (11)
More details of the method are given in Ref. [25]. Evolv-
ing Θ in time and then transforming back to the con-
formation and stress tensors leads to generally enhanced
stability [32] and, in particular, minimizes stability issues
for flows at high Weissenberg numbers [25, 26]. However,
this comes at a cost of exponentially increasing errors in
solving eq. (11) and therefore requires a sufficiently fine
grid, which we checked in our simulations. Figure 1 shows
the spokes wheel grid used in OpenFOAM with Nr = 100
cells in the radial direction and Nθ = 120 cells in the an-
gular direction. We use a mesh refinement towards the
inner cylinder, where velocity gradients become larger.
B. Simulation parameters
We give all the simulation parameters in real mks units
as required by OpenFOAM. To ensure that the observed
turbulent behaviour is due to the polymeric contribution,
we choose our simulation set-up such that fluid inertia is
negligible (Re ≪ 1). The outer radius is ro = 10µm,
the inner radius is ri = 0.25 ro, and together with a
rotational frequency of Ω = 2pi/s this leads to a small
Reynolds number Re ≈ 10−4. The ratio of the polymeric
and solvent viscosities is set to β = ηp/ηs = 1.5. Fur-
thermore, we adjust the Weissenberg number by varying
the polymeric relaxation time λ between 0.4 s and 40 s,
which corresponds to Weissenberg numbers between 2.5
and 250 . The thickness of the grid cells in the radial
direction ∆r is 2.0 · 10−3 ro at the inner cylinder and in-
creases to 1.9 · 10−2 ro at the outer cylinder. The time
step of the simulation is δt = 10−5 s, where the velocity,
pressure, and stress fields are extracted every 5000 steps.
The simulation time ran at least 100 s and up to 600 s,
with an average of 250 s.
III. RESULTS
Our numerical simulations show that for increasing
fluid elasticity, i.e., increasing Weissenberg number Wi,
the Taylor-Couette or base flow becomes unstable. At
low Wi numbers we recover the simple shear flow cor-
responding to the analytic result presented in eq. (4).
Upon increasing the polymeric relaxation time λ, a sec-
ondary flow is created, which strongly fluctuates in time
and which has a non-zero radial component. Snapshots
of the normalised radial velocity component ur/umax are
presented in fig. 2 for three different values of the Wi
4FIG. 3. Elastic instability: Order parameter Φ = σr,θ as a
function of the Weissenberg number Wi, with the secondary-
flow strength σr,θ defined in eq. (12). The dashed line shows
the scaling law (Wi−Wic)
γ with Wic = 10 and γ = 0.45. The
positions A, B, and C correspond to the snapshots of fig. 2.
number above the critical number, where the instability
occurs: A) Wi = 12.6 (right above the transition), B)
Wi = 50.3 and C) Wi = 106.8. The snapshots show that
the radial symmetry of the base flow is broken and reveal
the existence of small vortices for the cases B and C vis-
ible as consecutive blue and red circular patches. Videos
M1 and M2 of the Supplemental Material show the time
evolution of the radial and azimuthal velocity fields for
case C.
A. Transition to elastic turbulence
To investigate the transition, we define an order pa-
rameter Φ = σr,θ, which is a time average of the
secondary-flow strength
σr,θ(t) ≡
√
〈[u(r, t) − u0(r)]2〉r,θ
/
u0max , (12)
where we take the square root of the second moment of
the flow field about the base flow u0(r). Here, the sub-
script x in 〈. . . 〉x denotes the coordinates over which the
average is taken and u0max is the velocity of the outer
cylinder. The order parameter is plotted in fig. 3 as a
function of the Weissenberg number. A clear transition
from the laminar base flow (Φ = 0) to the occurrence
of a secondary flow (Φ > 0) is observed upon increas-
ing the elasticity of the fluid beyond a critical value of
Wic = 9.99±0.08. The transition sets in with a sharp in-
crease in the order parameter that scales as (Wi−Wic)
γ ,
where γ = 0.45 ± 0.03. It is continuous and therefore
supercritical. For clarity, the Weissenberg numbers re-
lated to the snapshots of fig. 2 are indicated with their
corresponding letters.
We now study the flow field beyond the elastic insta-
bility in more detail. Considering the radial symmetry of
our geometry, we investigate the secondary-flow strength
FIG. 4. Colour-coded space-time plot of the secondary-flow
strength σθ(t) versus the normalised radius r/ro and time t
for Wi = 16.3.
of eq. (12), but only perform an angular average. The
resulting σθ(t) is plotted in fig. 4 as a function of the
normalised radius r/ro and time t. The colour-coded
σθ(t) shows bursts of velocity in time, which mostly oc-
cur simultaneously across the entire radius of the cylin-
der. The intensity varies with the radial location and has
broad maxima at around r ≈ 0.55 ro and r ≈ 0.8 ro.
Increasing the Weissenberg number the secondary flow
becomes stronger and more irregular. To illustrate the
development of an irregular flow pattern, we plot the fully
averaged secondary-flow strength σr,θ(t) as a function of
time in fig. 5. The velocity bursts are clearly visible for all
Weissenberg numbers. At Weissenberg numbers close to
the elastic instability the bursts are nearly regular (a).
With increasing Wi they become more irregular, more
frequent and stronger (b), (c) until the secondary flow
looks fully turbulent (d).
B. Power spectral density of velocity field
A determining feature of elastic turbulence is the
power-law dependence of the power spectral density of
the velocity fluctuations, E(f) ∼ f−α, with α > 3
[6]. In fig. 6 the spectral density E(f) = 〈|∆u(f)|2〉θ,
where ∆u(f) is the Fourier transform of ∆u(r, t) =
u(r, t)−u0(r), is plotted as a function of the frequency f .
Here, 〈. . .〉θ again indicates the angular ensemble average
and Wi = 25. We observe a plateau value in the power
spectrum for low frequencies followed by a power-law de-
cay at high frequencies. We attribute the characteristic
peaks of E(f) near the outer cylinder to the characteris-
tic frequencies fn = nΩ/2pi = n s
−1 associated with the
rotation of the outer cylinder and its higher harmonics.
We observe that the power-law exponent α depends on
the radial position and shows non-monotonic behaviour.
The radial dependence of α is plotted in fig. 7 for several
Weissenberg numbers Wi > Wic. Two bulk regions with
5FIG. 5. Full cylinder averaged secondary-flow strength σr,θ(t) plotted as a function of time t for four values of the Weissenberg
number: a) Wi = 11.3, b) Wi = 16.3, c) Wi = 26.4 and d) Wi = 106.8.
FIG. 6. Power spectral density E(f) = 〈|∆u(f)|2〉θ of the
velocity fluctuations ∆u(r, t), ensemble averaged over the azi-
muthal angle θ, as a function of the frequency f . Spectral den-
sities for different radial positions r are shown, all at Wi = 25.
The data is arbitrarily offset by multiplying with a constant
for clarity. Power laws f−α are fitted and plotted as black
dotted lines in order to determine the negative slopes α.
different exponents α can be distinguished at low Wi, one
close to the inner cylinder for radii ri < r < 0.55 ro and
one close to the outer cylinder for radii 0.55 ro < r < ro.
Upon increasing Wi the value of the exponent decreases
for both regions and becomes nearly constant for Wi >
100.
FIG. 7. The power-law exponent α of the power spectral
density of the velocity fluctuations plotted as a function of the
normalised radius r/ro for several values of the Weissenberg
number Wi above Wic = 10.
The characteristic exponent α of elastic turbulence has
been shown to obey the condition α > 3. Ref.[13] pro-
vides proof of the inequality and in experiments values
of α = 3.3 − 3.5 [6, 33] and α = 3 − 4 [34] have been
observed. However, these values correspond to 3D ge-
ometries. Based on similar arguments as in Ref. [13] the
6lower bound of the exponent should be related to the di-
mension d of the system such that α > d. This is nicely
confirmed by our observations, where the exponent is al-
ways larger than 2 in agreement with our 2D geometry.
IV. CONCLUSION
In this letter we have investigated the onset of elas-
tic turbulence of a viscoelastic fluid in a two-dimensional
Taylor-Couette flow by numerically solving the Oldroyd-
B model with the program OpenFOAM up to very high
Weissenberg numbers. A supercritical transition from
a stable laminar flow to a chaotic flow occurs above a
critical Weissenberg number Wic = 10.0. The transition
is indicated by an order parameter, the time-averaged
secondary-flow strength, which follows the scaling law
Φ ∝ (Wi−Wic)
γ with γ = 0.45. The Weissenberg num-
ber is increased by increasing the polymeric relaxation
time λ and the secondary turbulent flow has a non-zero
radial component, which is ideal for mixing at the micron
scale.
We have further observed the characteristic power-
law dependence E(f) ∼ f−α in the power spectra of
the fluctuating velocity fields, which exhibit irregular
bursts in time. The exponent α shows non-monotonic
behaviour as a function of the radial position and we
observe two bulk regions with different characteristic ex-
ponents, which merge into a single bulk value for the
fully turbulent flow upon increasing Wi. In contrast to
3D elastic turbulence, where the characteristic exponent
α obeys α > 3, we observe α > 2, which we attribute to
the smaller spatial dimension of our set-up following the
argumentation of Ref. [13].
Our work clearly demonstrates and quantifies the on-
set and development of elastic turbulence in an exem-
plary two-dimensional set-up. It might be used as a ref-
erence for future studies. It also guides the path for using
the program OpenFOAM for numerical investigations of
elastic turbulence in different geometries and for explor-
ing features such as enhanced turbulent drag or turbulent
mixing.
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